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Synchrotron radiation emitted by electrons passing through an undulator placed in a storage ring
is decomposed in coherent modes. The case of ultimate storage rings where the electron emittance
is comparable to the emittance of the photon fan is analyzed by means of the cross spectral density
and the coherent mode spectrum. The proposed method permits naturally the statistical analysis
and propagation of the cross spectral density along the beamline optics. The coherence properties
of the X-ray beam at any point of the beamline are completely given in terms of the eigenvalues
and coherent modes of the cross spectral density.
Synchrotron radiation (SR) has witnessed an enormous
growth in the last decades because of its applicability
to multidisciplinary applied science. Several generations
of synchrotron radiation sources (first generation or ap-
plication of SR in parasitic mode, second generation or
storage rings dedicated to SR, third generation or stor-
age rings with long straight sections to hold undulators)
have raised the brilliance with rates even higher than the
Moore law. The current third generation of synchrotrons
is now continued in two different new facilities: X-ray
free electron lasers (XFELs), based on linear accelerator
technology, and the so-called “diffraction limited storage
rings”. These are circular storage rings where the elec-
tron horizontal emittance is lowered to a level comparable
to the present vertical emittance, which is small enough
to allow experiments exploiting the X-ray beam coher-
ence. In this context, many experimental techniques have
developed, like X-ray photon correlation spectroscopy,
coherent diffraction imaging, or ptychography. In all new
facilities or upgrades of the existing ones, the keyword
“coherence” is omnipresent. We look to the upgrade of
the existing facilities, like the EBS (Extremely Brilliant
Source) at the European Synchrotron Radiation Facility,
aiming at building a storage ring of 150 pm emittance
(as compared with the present one of 4 nm) that will
boost the X-ray brilliance and the coherence properties.
The accurate calculation and quantitative evaluation of
the parameters related to X-ray coherence in new storage
rings is the subject of this paper.
The calculation of observable quantities of the emission
like the mean intensity requires a statistical approach.
Kim [1] proposed a method to calculate the Wigner func-
tions of synchrotron undulators for many practical cases.
The method was revisited by Geloni et al. in a rigorous
statistical optics context [2]. One may define a virtual
source in a plane before the beamline with the prop-
erty that an electric field propagated from the virtual
source to a position along the beamline reproduces the
real electric field at that position. For sufficiently long
electron beam bunches the storage ring emission can be
considered wide-sense stationary for many practical ap-
plications [2]. We can therefore describe second order co-
herence phenomena in frequency domain with the cross
spectral density (CSD) W (r1, r2, ω) where r1, r2 are spa-
tial coordinates and ω is the radiation frequency. If ad-
ditionally the variation of the undulator magnetic field is
negligible along the electron beam dimension, the cross
spectral density at the virtual source is given by:
W (r1, r2, ω) = Ne
∫
dγdrdθ ρ(r,θ, γ)eikθ(r2−r1)×
E0
∗(γ,r1 − r, ω)E0(γ,r2 − r, ω)
(1)
where Ne is the number of electrons, ρ is the five-
dimensional spatial, angular and energy dependent elec-
tron phase space distribution, E0 is the reference elec-
tric field created by a reference electron, the star denotes
complex conjugation and γ is the relativistic Lorentz fac-
tor of the electrons. The exact reference electric field E0
produced by an undulator is given by [3]:
E(R,ω) =
ieω
4pic0
×∫ [
n × [(n − r˙)× r¨]
(1− r˙n)2 +
c
γ2R
(n− r˙)
(1− r˙n)2
]
eiω(t−nr(t)/c)dt
(2)
where e is the electron charge, c the velocity of light, 0
the electric constant, n(t) = R − r(t)/ ‖R − r(t)‖ is the
unit vector pointing from the particle to the observation
point R; r(t) is the electron trajectory of the reference
electron and the dot denotes the time derivative.
The cross spectral density obeys the Wolf equation:[∇2j + k2n2(rj)]W (r1, r2, ω) = 0, (3)
where j = 1, 2; k is the wave number in free-space, and
n(r) is the refractive index. The Wolf equation resembles
the Helmholtz equation. Indeed, it can be seen as a ten-
sor product version of the Helmholtz equation. With the
Helmholtz equation, the usual Green’s function method
for the propagation of wave fields can be derived [3]:
E′(r, ω) =
1
2pi
∫
A
dr ′E(r ′, ω)
∂
∂n′
G(r,r ′), (4)
where A is a closed surface on which E is known, n is
a unit vector normal to A, and G is a Dirichlet Green’s
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2function for the wave equation that satisfies appropriate
boundary conditions. In consequence, the propagation
formula for the cross spectral density takes the form of
a tensor product version of the propagation formula of
wave fields:
W ′(r1, r2, ω) =
1
(2pi)2
∫
A
dr ′1
∫
A
dr ′2×
W (r ′1, r
′
2, ω)
∂
∂n′1
G∗(r1, r ′1)
∂
∂n′2
G(r2, r
′
2),
(5)
where n1 and n2 are unit vectors normal to A. The
spectral density S(r, ω) = W (r,r, ω) can be seen as the
energy per unit time [4]. The spectral degree of coherence
is defined by [5]:
µ(r1, r2, ω) =
W (r1, r2, ω)√
S(r1, ω)S(r2, ω)
. (6)
The cross spectral density can be represented in terms of
eigenvalues λm(ω) and coherent modes φm(r, ω) [5]:
W (r1, r2, ω) =
∑
m
λm(ω)φ
∗
m(r1, ω)φm(r2, ω). (7)
The eigenvalues and the coherent modes are the solution
of the homogeneous Fredholm integral equation of second
kind:∫
dr1W (r1, r2, ω)φm(r1, ω) = λm(ω)φm(r2, ω). (8)
This is an eigenvalue problem and may be rewritten as:
AW [φm] = λmφm (9)
with the Hermitian integral operator AW :
AW [f ](r) =
∫
dr ′ W (r ′, r, ω)f(r ′). (10)
Without loss of generality, the coherent modes can be
assumed to be orthonormal. The sum of the eigenvalues
equals the integrated spectral density. We will use the
notion used in the mathematical field of spectral theory
and call the set of the eigenvalues the eigenvalue spec-
trum. We define the mode distribution as:
dm =
λm∑
n λn
. (11)
The index m = 0 refers to the first coherent mode.
The coherent modes are statistically uncorrelated [5].
The eigenvalue of a coherent mode can therefore be seen
as the spectral density carried by this mode and the prop-
agation of the cross spectral density can equally be ex-
pressed in terms of propagated coherent modes. Let φ′m
denote the propagated coherent mode as if it was an elec-
tric field. The propagated cross spectral density W ′ may
be written as:
W ′(r1, r2, ω) =
∑
m
λm(ω) (φ
′
m(r1, ω))
∗
φ′m(r2, ω). (12)
If the eigenvalue spectrum is narrow the propagation
of the cross spectral density by means of the propagation
of the coherent modes is computationally advantageous.
Assume there are Nm coherent modes and the sum of
their eigenvalues approximate to a given level of accuracy
(e.g. 99%) the total spectral density. Imagine the surface
A in equation Eq. 5 is spanned numerically by a grid of
Ngrid points. If Nm  Ngrid then it is more favorable to
calculate Eq. 4 for Nm modes than to calculate Eq. 5.
A prominent model in statistical optics with known
analytical coherent mode decomposition is the Gaussian
Schell-model (GSM). It is used to model laser modes at
the waist [6]. It has been applied to approximate un-
dulator radiation in high emittance storage rings [7–9]
The GSM supposes that the cross spectral density takes
a Gaussian form defined by σsx(ω) and σgx(ω), the stan-
dard deviations of the spectral density and the spectral
degree of coherence, respectively. The interest of the
model, in addition to its applicability to describe laser
radiation, resides in the fact that its decomposition in
coherent modes can be done analytically [10, 11] leading
to the Gaussian-Hermite eigenfunctions, with eigenval-
ues that decrease exponentially, as described in the sup-
plementary material. The electric field emitted by the
single electron in an undulator is rather complex and in
general a Gaussian approximation is not justified. Signif-
icant deviations of the cross spectral density from a GSM
will become apparent when the electron beam emittance
becomes comparable or smaller than the extent of the
single electron radiation at the virtual source because ra-
diation details are no longer smeared out by the electron
beam. This situation is expected in the case of the new
ultra low emittance storage rings.
The electric field of the reference electron E0 can be
calculated only approximately with rather complicated
analytical formulas [2, 12] (usually only valid for pho-
ton energies close to a harmonic) that lead to integral
expressions for which no closed solutions are known. In
consequence Eq. 1 can not be solved in a closed form and
numerical techniques must be applied.
The innovative aspect of this letter is the successful nu-
merical realisation of a coherent mode decomposition for
undulator storage ring emission, i.e. a numerical solution
of Eq. 8. The reference electric field E0 is calculated by
numerical integration of Eq. 2 using SRW [13]. We solve
the Fredholm equation Eq. 8 numerically with no further
approximation using a basis set consisting of normalized
two-dimensional step-functions. A two-dimensional step-
function is a function that is constant on a rectangle and
zero elsewhere. Hereby the center of the rectangle lies
on a grid point. The grids we use have constant step
width in each direction so our step-functions come from
the same mother step-function shifted to cover all the
domain without overlapping. The representing matrix
of AW in that basis scales with N
2
xN
2
y = N
2
grid where
Nx, Ny are the numbers of horizontal and vertical grid
3points, respectively. This scaling behavior of the repre-
senting matrix leads quickly to practically problematic
memory requirements. We solve the eigenvalue equa-
tion with the iterative eigensolver SLEPc [14]. The li-
brary SLEPc allows the implementation of user-defined
matrix-vector multiplications that are then used by the
eigensolver. We assume an electron phase space density
that separates into a spatial part ρr, a divergence part
ρθ and an energy part ργ :
AW (f)(r2) =
∫
dγργ(γ)
∫
dr1dθ ρθ(θ)e
ikθ(r2−r1)×∫
drρr(r, γ)E0
∗(γ,r1 − r, ω)E0(γ,r2 − r, ω)f(r1).
(13)
The last integral can be considered as an undulator CSD
from Eq. 1 with a delta shaped divergence and a fixed
electron energy. It can therefore be decomposed into
eigenvalues αn and coherent modes Ψ. The θ integra-
tion can be performed because it is a Fourier transform.
The operator AW can now be rewritten as:
AW (f)(r2) =
∫
dγργ(γ)
∫
dr1ρˆθ(k(r2 − r1))×∑
n
αnΨ
∗
n(r1)Ψn(r2)f(r1).
(14)
For a few hundreds modes Nm this two-step approach can
be performed efficiently numerically. This approach can
be easily generalized for electron phase space densities
that have an additional spatial and divergence coupling
term of the form eCrθ where C is a constant. These cou-
pling terms appear if the Twiss alpha value is non zero,
i.e. at positions of the lattice that are not a symmetry
point. In many cases the memory consumption of the
two-step approach is of the order of Nm · Ngrid while
the full representing matrix in the chosen basis set needs
N2grid elements. The GSM approximation motivates the
expectation of a small number of coherent modes for very
low emittance storage rings. The number of significant
coherent modes depends strongly on the emittance of the
lattice and the energy of the undulator radiation. Typi-
cal values for Nm are a few hundreds to a few thousands
and typical values for Ngrid are a few hundred thousand.
The coherent modes can be propagated in free space
using standard wave optics Fresnel propagation methods.
The Gauss-Hermite modes in the Gaussian Schell-model,
are invariant under propagation in the far field (Fraun-
hofer). The coherent modes obtained for undulator ra-
diation do not present, in general, this property. We
use SRW for the propagation of the modes. The prop-
agated cross spectral density W ′ is easily deduced from
the propagated modes using Eq. 12. The coherent modes
change by propagation in free space, but the eigenvalue
spectrum remains constant. An interesting case is the ef-
fect of a slit, pinhole, or a more general optical element.
When the element cuts the beam (removes intensity), the
FIG. 1: Eigenvalue spectra for the 2 m long ESRF u18
undulator at its first harmonic for the new ESRF-EBS
lattice and for the current ESRF lattice (high and low
beta sections). A detailed view of the spectra for the
current ESRF lattice is the inset.
eigenfunctions are clipped by a window, so their norm be-
comes smaller than one. Therefore, the coherent modes
and the spectrum of coherent modes of W ′ are different
from those of W and we can solve Eq. 8 again to deter-
mine the new coherent modes and eigenvalue spectrum
of W ′.
Many tests were performed to verify our algorithm.
They include delta shaped electron beams, a comparison
of the numerical decomposition with a Gaussian reference
electric field against the analytical result and comparison
to some results that can be calculated by other codes.
We performed a decomposition of the radiation from
the 2 m long u18 ESRF undulator for its first harmonic
(E = 7982 eV, deflection parameter K = 1.68) at its
virtual source position placed in the current ESRF lattice
and in the future ESRF-EBS lattice (parameters from
[15] summarized in the supplementary material).
The eigenvalue spectrum (Fig. 1) or mode distribution
gives direct information on how the beam spectral density
splits into different modes. The m-th mode eigenvalue
has an occupation dm defined by Eq. 11. The occupation
of the zeroth mode can be used to define a coherent frac-
tion (CF = d0). In the limit d0  d1 most of the spectral
density is due to the first coherent mode and the contri-
butions of higher coherent modes to the spectral density
can be considered as statistical noise. We find that in the
case of the ESRF-EBS the coherent fraction is an order
of magnitude higher than for the current ESRF lattice
(Fig. 1).
Let us now discuss the effect of the electron beam en-
ergy spread on the mode spectrum. We use ESRF-EBS
lattice settings and an ESRF u18 undulator of 4 m length
at its first harmonic. The ESRF-EBS energy spread is
4FIG. 2: Number of modes for a few s values of a 95% of
the spectral density and the mode distribution (inset)
for a linear variation of the energy spread (σδ)
′
= σδ · s
with a 4m long ESRF u18 undulator and ESRF-EBS
lattice settings(s = 1.0 corresponds to energy spread of
0.001).
varied according to:
(σδ)
′
= σδ · s, (15)
with s ∈ {0.0, 0.2, 0.4, . . . , 1.0, . . . , 1.8, 2.0}, whereas the
transverse beam parameters are kept fixed. The energy
integration was performed with 27 points. We observe
that the total number of coherent modes to incorporate
95% of the spectral density are relatively largely changed
(see Fig. 2). The minimal number of coherent modes is
131 which is achieved in the limit of vanishing energy
spread. Doubling the ESRF-EBS energy spread results
in 206 coherent modes. This is about 30% more than the
157 modes for the present ESRF-EBS lattice settings.
Our implementation of the algorithm can take energy
spread into account and works both at positions with
zero Twiss alpha (symmetry point), and at positions with
finite Twiss alpha as long as the vertical, horizontal and
energy dimensions of the electron beam are uncoupled.
We calculated an ideal 1:1 imaging beamline (Fig. 3)
at ESRF-EBS lattice settings. A slit S1 collects the radi-
ation from the undulator and is opened to accept the full
central cone. A focusing system is idealized by an ideal
lens focusing the virtual source (at 36 m upstream the
lens) into the S2 plane (at 36 m downstream the lens).
The decomposition of the radiation in coherent modes at
S1 presents the same spectrum shown before Fig. 1. The
spectrum calculated at S2 is the same as the spectrum
in S1, because the lens is an ideal element that modifies
the individual eigenfunctions but conserves the integral
of the spectral density. The CSD can be calculated from
the coherent modes. It is a function of four coordinates.
We plot horizontal and vertical cuts in Fig. 4. The full-
width at half maximum of the profile with one coordinate
fixed at zero gives the coherence length of 52.9 µm in the
FIG. 3: Schematic view of the 1:1 imaging beamline of
the undulator center.
Cross spectral density (Horizontal)
"csd_Horizontal.csv" using 2:1:3
-100 -50  0  50  100
Horizontal position two [µm]
-100
-50
 0
 50
 100
H
or
iz
on
ta
l p
os
iti
on
 o
ne
 [µ
m
]
0.0
0.2
0.4
0.6
0.8
1.0
Cross spectral density (Vertical)
"csd_Vertical.csv" using 2:1:3
-100 -50  0  50  100
Vertical position two [µm]
-100
-50
 0
 50
 100
Ve
rti
ca
l p
os
iti
on
 o
ne
 [µ
m
]
0.0
0.2
0.4
0.6
0.8
1.0
FIG. 4: Vertical and horizontal cuts, i.e. the
coordinates of the other dimension are fixed at zero, of
the normalized cross spectral density with slit size
5µm× 5µm at S2 calculated from coherent modes for a
2m long ESRF u18 undulator at the ESRF-EBS lattice
at S3 for the beamline shown in Fig. 3.
horizontal and of in 62.4 µm the vertical. In the supple-
mentary material these CSD results for a different beam-
line are compared with SRW Monte-Carlo calculations
showing a very good agreement. The first two coherent
modes are shown in Fig. 5.
To mimic in an idealized fashion the experiment made
in [16] we have at the S2 plane an aperture with varying
size. After the slit aperture we propagate by an addi-
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FIG. 5: Zeroth and first coherent modes at S3 for the
beamline shown in Fig. 3 with a 5µm× 5µm aperture
size at S2
5FIG. 6: First mode occupation (left) and spectral
density fraction(right) of the first mode at S3 for a
given slit size (VxH in µm) at S2 for the beamline
shown in Fig. 3. The fraction is calculated with respect
to the spectral density at the undulator virtual source.
tional 2 m in free space to the new final position S3.
At the final position we perform another coherent mode
decomposition. We find that reducing the aperture size
leads to a narrowing of the eigenvalue spectrum with a
simultaneous decrease of spectral density at the final po-
sition Fig. 6. We observe that closing the slit improves
the overall coherence for the price of spectral density.
In the limit d0  d1 almost the entire spectral density
is carried by the first coherent mode. The other modes
may be regarded as statistical noise.
In summary we present an algorithm for the numerical
coherent mode decomposition for storage ring undula-
tor cross spectral densities. Our implementation of this
algorithm can calculate the cross spectral density for po-
sitions where the horizontal, vertical and electron energy
dimensions of the electron beam are uncoupled. The ef-
fect of energy spread and finite Twiss alpha can be taken
into account. The eigenvalue spectrum allows to define a
quality measure of coherence if the eigenvalue spectrum
is dominated by the first coherent mode. We propose
a coherence fraction CF as the fraction of the largest
eigenvalue over the integrated spectral density. For low
emittance storage ring emission, the number of coherent
modes is small and we may propagate the cross spectral
density to any point in the beamline efficiently by the
propagation of the coherent modes. Any simulation that
can model the propagation of a single electron emission
along the beamline can also be used for the propagation
of the coherent modes and then to build the cross spec-
tral density. Additionally to the applications discussed in
this paper, the coherent modes could serve as an initial
guess for reconstruction algorithms in coherent diffrac-
tion imaging techniques. Furthermore, it can be used for
modeling X-ray-sample interactions: the coherent modes
can be propagated up to the sample position; the action
of the sample is applied directly to the propagated modes.
This is more efficient than a multi-electron Monte Carlo
approach because the optical elements before the sample
do not need to be recalculated and the number of coher-
ent modes is in general much smaller than the number of
simulated electrons in the Monte Carlo simulation. The
same applies to the design of beamlines, where after ev-
ery design change only a small number of coherent modes
after the last modified optical element have to be propa-
gated. The code of our algorithm is open-source and can
be found at [17].
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